The Hughston-Jozsa-Wootters (HJW) theorem entails that any finite ensemble compatible with a given density operator can be prepared from a fixed initial state by operations on a spacelike separated system. In this paper, we generalize the HJW theorem to the case of arbitrary measures on the state space of a von Neumann algebra with hyperfinite commutant. In doing so, we also show that every POV measure with range in a hyperfinite von Neumann algebra induces a local, completely positive instrument.
I. Introduction
Recent work in quantum cryptography has focused on questions of which sorts of information-transfer protocols are secure from attempts at cheating by an intruder or by one of the participants. As early as 1984, the question was raised whether quantum theory would permit a secure bit commitment protocol -i.e., a protocol in which a bit of information is committed by one party A to another party B, such that A cannot change her commitment, and such that B cannot determine A's commitment until given some sort of key by A. An initial protocol using pairs of polarized photons was proposed by Bennett and Brassard [3] ; however, Bennett and Brassard showed that the protocol is insecure due to the existence of a cheating strategy that exploits the nonlocal correlations of the EPR-Bohm state.
A number of other bit commitment protocols have been proposed since the initial Bennett-Brassard paper. Many of these protocols make use of the fact that a non-pure density operator corresponds to more than one probability measure on the space of quantum states. In particular, two different ensembles on a composite system can induce the same density operator on a local system. Thus, if Alice encodes her bit into these two ensembles, then Bob cannot possibly determine Alice's commitment until she provides further information about the composite system. Mayers [13, 14] has argued that there can be no unconditionally secure bit commitment protocol. His proof depends on the following fact, which was first proved rigorously and generally by Hughston, Jozsa, and Wootters (HJW) [10] :
HJW Theorem. Let H 1 , H 2 be Hilbert spaces, let D be a density operator on H 1 , and let ψ be a unit vector in
Roughly speaking, the HJW theorem shows that any finite decomposition of D can be prepared from the state |ψ ψ| by a measurement operation on H 2 . Of course, if D is not pure, then D also has infinite convex decompositions. For the case of countably infinite decompositions, the results of Cassinelli et al. [5] provide the appropriate generalization of the HJW theorem. However, the most general case -namely, integral decompositions of states -is not covered by Cassinelli et al.'s results. Furthermore, these previous results apply only to type I von Neumann factors, whereas in more interesting physical applications, we will have to deal with direct sums of type I factors (e.g., when there are non-trivial superselection rules), or with type III von Neumann algebras (e.g., the local algebras of quantum field theory and quantum statistical mechanics). Thus, the results to date are not sufficient to show that there is anything like a fundamental law of nature that prohibits unconditionally secure bit commitment.
In this paper, we generalize the HJW theorem to arbitrary measures on von Neumann algebras whose commutant has property P; this includes the case in which the commutant is hyperfinite. (For the special case of countably supported measures on the state space of a type I factor, our proof in Section III simplifies the proofs given in [10] and [5] .) In Section II, we make the problem more poignant by describing some equivalent continuous measures on von Neumann algebra state spaces. In Section III, we show that each measure µ on the state space of a von Neumann algebra R gives rise (as in the HJW theorem) to a positive-operator valued (POV) measure A µ with values in the commutant R ′ . However, since the POV measure A µ might be continuous, it is not obvious that A µ corresponds to a measurement operation that can be performed by an observer with algebra R ′ . Thus, in Section IV, we show that when R ′ is hyperfinite, every POV measure with range in R ′ gives rise to an instrument that is local to R ′ .
II. Continuous measures on von Neumann algebra state spaces
The general case in which we are interested is where there are two observers (say, Alice and Bob) at spacelike separation. We suppose that Alice's observable algebra is some von Neumann algebra R on a Hilbert space H. In this case, Bob's observable algebra should be some subalgebra of R ′ = {B ∈ B(H) : [B, A] = 0, for all A ∈ R}; for simplicity, we assume that Bob's observable algebra is R ′ . (This latter assumption could be eliminated by choosing an appropriate representation of the von Neumann algebra generated by Alice and Bob's observable algebras.) Note that our framework includes the classic case where R = B(H 1 ) ⊗ I and R ′ = I ⊗ B(H 2 ). Let K R denote the compact convex set of states of R. We include within K R both normal and non-normal states, and the relevant topology is the weak* topology. When no confusion can result, we omit the subscript from K R . In this paper, we consider positive, regular measures on (K, Σ), where Σ is the Borel σ-algebra of K; when we say that µ is a measure, it can be assumed that µ is positive and regular. Recall that for each measure µ on K, there is an x µ ∈ K such that x µ = K ωdµ(ω); x µ is said to be the barycenter of µ. Furthermore, two measures µ, ν on K are said to be equivalent if x µ = x ν . (See [1, 4] for more details.)
In each of the following examples, we construct a pair of equivalent continuous measures on K. These measures could be used to encode bits using a recipe similar to that used by Bennett and Brassard [3] to encode bits into equivalent finite measures on the Bloch sphere. (These encodings might involve infinitely many measurements, and an infinite capacity for memory, but we are not concerned here with the practical implementability of these encoding schemes.)
Example (Continuous measures on the Bloch sphere). Let R = B(C 2 ) ⊗ I, so that K is the Bloch sphere. Choose a great circle A on K, and let µ be the measure that vanishes outside A and reduces to the normalized Lebesgue measure on A. Choose a great circle B = A on K, and let ν be the corresponding measure. Then µ and ν are distinct measures such that
Let δ e K be the set of extreme points (i.e., pure states) of K. When R is a type I n factor, each normal state ρ on R is the barycenter of at least one measure µ that is supported on a subset S of δ e K with |S| ≤ max{n, ℵ 0 }. The first example reminds us that (when ρ is mixed) there are also measures supported on an uncountable subset of δ e K with barycenter ρ. If R is type II or III, a normal state cannot be the barycenter of a measure supported on a countable subset of δ e K. (If there were a pure normal state on R, its support projection would be abelian.) In other words, if µ is supported on δ e K, and if x µ is normal, then µ(S) = 0 for every countable S ⊆ δ e K.
Example (Equivalent measures on the state space of a type II 1 factor). Let A[R 2 ] be the Weyl algebra for one degree of freedom [16, 18] . That is, A[R 2 ] is the C * -algebra generated by unitary operators W (a), a ∈ R 2 , satisfying the Weyl relations
Let ω be the unique tracial state of A[R 2 ], and let (π ω , H ω , Ω) be the GNS representation of
Let A be the abelian von Neumann subalgebra of R generated by {π(W (a, 0)) : a ∈ R}, and let B be the subalgebra generated by {π(W (0, b)) : b ∈ R}. Let D(A) ⊆ K R be the set of states that are dispersion-free on all elements of A. Let τ denote the faithful normal tracial state of R induced by the unit vector Ω. We claim that there is a measure µ on K R that is supported on D(A) and that has barycenter τ . Indeed, since R is finite, there is a conditional expectation η of R onto A such that τ (η(A)) = τ (A), for all A ∈ R [22] . Let f : K A → K R be the (affine, weak* continuous) dual mapping of η. Since A is abelian, the Gelfand transform and Riesz representation theorem entail that there is a measure µ supported on δ e K A with barycenter τ | A . Let µ ≡ µ • f −1 denote the induced measure on K R . Then, µ is supported on D(A), and
for any A ∈ R. By symmetry, there is also a measure ν on K R such that ν is supported on D(B), and such that τ is the barycenter of ν. (It is also not difficult to see that µ and ν are orthogonal measures in the sense defined below.)
Many further examples of this sort could be supplied. For example, in the context of the quantum theory of the free Bose field, the algebra R = R(W ) associated with a Rindler wedge is the hyperfinite type III 1 factor, and the vacuum ρ is a faithful, mixed state of R(W ) [20] . Since K R is not a Choquet simplex, there are distinct extremal measures on K R with barycenter ρ. Thus, a fully general version of the HJW theorem would show that any of of these "mixtures" (i.e., measures) could be prepared by a spacelike separated observer.
III. From ensembles to POV measures
Our first result shows that each measure on the state space of R gives rise to a corresponding POV measure with values in R ′ . Before we state the result, we collect some pertinent definitions.
Recall that two positive linear functionals ω 1 , ω 2 on a von Neumann algebra R are orthogonal, written ω 1 ⊥ ω 2 , just in case 
If ψ is a vector in H, we let ω ψ = ψ, Aψ , for all A ∈ B(H). Finally, if R is a set of operators in B(H), we let [Rψ] denote the closed linear span in H of the set {Aψ : A ∈ R}.
The following result is essentially a special case of a theorem proved by Tomita [21] Proposition 1. Let R be a von Neumann algebra acting on H. Let ψ be a unit vector in H, let ρ = ω ψ | R , and let µ be a measure on K R with barycenter ρ. Then there is a POV measure A µ on K R with values in R ′ such that
If µ is orthogonal, then A µ is a PV measure.
Proof. Let S be a Borel subset of K (= K R ), and let ρ S = S ωdµ(ω). Then ρ S is a positive linear functional on R such that ρ S ≤ ρ. It follows that there is an A(S) ∈ R ′ such that 0 ≤ A(S) ≤ I and ρ S (B) = ω ψ (A(S)B), for all B ∈ R [12, Prop. 7.3.5]. Note also that A(S) may be chosen so that A(S)y = 0 for all y ∈ [Rψ] ⊥ . We need only verify the additivity condition for S → A(S). Suppose then that S 1 , S 2 , . . . are disjoint Borel subsets of K,
and the monotone convergence theorem entails that
The weak continuity of ψ, · Bψ entails that
Replacing B with B * C, where B, C ∈ R, we have Bψ,
and therefore (
(S).
Suppose now that µ is orthogonal. Let S be a Borel subset of K, let A = A(S), and let H = A(I − A). Thus, A(S) is a projection if H = 0. Let ω 1 = ρ S , let ω 2 = ρ K\S , and let ω ′ = ω H 1/2 ψ | R . Then for any positive operator B ∈ R,
since A, (I − A), and B commute. Thus, ω ′ ≤ ω 1 , ω 2 , and since ω 1 ⊥ ω 2 , it follows that ω ′ = 0. Hence, Bψ, HCψ = ω ′ (B * C) = 0, for all B, C ∈ R, and therefore Hy = 0 for all y ∈ [Rψ]. Since H annihilates [Rψ] ⊥ , H = 0.
IV. From POV measures to local CP instruments
In the previous section, we showed that a measure µ on K R gives rise to a POV measure A µ on K R with values in R ′ . One wants to conclude, then, that an observer with algebra R ′ can perform a measurement corresponding to A µ that prepares the ensemble µ on R. However, to establish this latter conclusion, we must show that the POV measure A µ gives rise to a measurement operation that can be performed locally to R ′ . For this, we need to recall the definition of a completely positive (CP) instrument on B(H) [6, 15] .
Definition. If (X, Σ) is a Borel space, a CP instrument on B(H) with value space (X, Σ) is a map E : Σ × B(H) → B(H) such that
for fixed B ∈ B(H), E( · , B)
is σ-additive in the ultraweak topology;
for fixed S ∈ Σ, E(S, · ) is a CP map such that E(S, I) ≤ I.
If in addition the CP maps E(S, · ), (S ∈ Σ), are ultraweakly continuous, then E is said to be normal.
Following Srinivas [19] , we do not generally impose the normality condition, since this condition rules out a priori the possibility of generalizing Lüders' rule to continuous spectrum observables. Furthermore, if the CP map η(B) = E(X, B), (B ∈ B(H)), is non-normal, then the dual mapping η * on K B(H) can map normal states to non-normal states. There are interesting cases (e.g., when R is the hyperfinite type III 1 factor, or the hyperfinite type II 1 factor [20] ) where all normal states of B(H) are nonseparable across (R, R ′ ). (A state is nonseparable if it is not contained in the weak* closed convex hull of product states [8] .) Therefore, in these cases, non-normal state transformations are needed to transform non-separable states to separable states.
Each instrument E determines a POV measure A via the formula
If Eqn. 13 holds for an instrument E and a POV measure A, then E and A are said to be compatible. For each POV measure A in H, there are many instruments on B(H) that are compatible with A. For example, for any state ω of B(H), the instrument
is compatible with A. However, in certain cases, further criteria should be employed in choosing among the instruments that are compatible with A. For example, when A has range in an algebra R of local observables, then A should induce a measurement operation that does not disturb the statistics of observables measured at spacelike separation. If R = B(H 1 ) ⊗ I, then it would be reasonable to define an instrument localized to R as one of the form E ⊗ ι, where ι is the identity mapping on R ′ . However, when R is not type I, the von Neumann algebra R⊗R ′ is not isomorphic to B(H). (In fact, R⊗R ′ is of the same type (I,II, or III) as R [12, Thm. 9.1.3, Chap.11]); and therefore E ⊗ ι does not necessarily define an instrument on B(H). We are led then to the following more general definition (compare with [7] ).
Definition. Let R be a von Neumann algebra acting on a Hilbert space H. We say that an instrument E on B(H) is local to R just in case E(S, B) = E(S, I)B, for all B ∈ R ′ .
When A is atomic, there is a standard way of defining an instrument that is compatible with A and local to any von Neumann algebra R containing the range of A. In particular, let A x = A({x}) for each x ∈ X, and define
Then, for any B ∈ R ′ ⊆ {A x : x ∈ X} ′ ,
We wish to extend this discrete case result to show that for each POV measure with range in R, there is a CP instrument E A that is compatible with A and local to R. We have been able to establish this result for the case where R has property P. A von Neumann algebra R has property P just in case, for each B ∈ B(H), the weakly closed convex hull of {U BU * : U ∈ R, U unitary} meets R ′ [17] . In what follows, we write co R (B) − for the weakly closed convex hull of {U BU * : U ∈ R, U unitary}. Thus, R has property P if for each B ∈ B(H), co R (B) − ∩ R ′ is nonempty.
Proposition 2. Let R be a von Neumann algebra acting on H, and suppose that R has property P. If A is a POV measure on (X, Σ) with values in R, then there is a CP instrument E A on Σ × B(H) that is compatible with A and local to R.
Proof. Since R has property P, there is a conditional expectation η from B(H) onto R ′ such that η(B) ∈ co R (B) − , for each B ∈ B(H) [17, Lemma 5] . Define
Then
In particular, if B ∈ R ′ then co R (B) − = {B}, and in that case E A (S, B) = A(S)B.
When A is atomic, the instrument E A defined in Proposition 2 may not be the instrument that is naturally associated with A. For example, consider the case where E is a normalized PV measure on S n = {1, . . . , n}, and where R = B(H) with dimH = n. Then the conditional expectation η maps B(H) onto CI; in fact,
On the other hand, the instrument naturally associated with E maps (S n , B) to n i=1 E i BE i , which is not typically a multiple of the identity. This raises the question of whether there is a general rule for associating a POV measure A with a CP instrument E A that reduces to the standard case when A is atomic.
Some progress towards answering this question has been made by Srinivas [19] . Srinivas shows that when E is a PV measure on (R, B(R)), there is an instrument E E that satisfies generalized versions of the Born statistical formula and the Wigner formula. It follows that E E (R, B) = ∞ i=1 E i BE i , when E is supported on a countable subset of R. Using the fact that the range of a PV measure generates an abelian algebra, we can immediately generalize Srinivas' result to the case where E is a PV measure on an arbitrary Borel space (X, Σ).
Proposition 3.
If E is a PV measure on (X, Σ) in H, then there is a CP instrument E E on Σ × B(H) that is compatible with E and local to {E(S) : S ∈ Σ} ′′ . Indeed, there is a conditional expectation η from B(H) onto {E(S) : S ∈ Σ} ′ such that E E (S, B) = E(S)η(B), for each B ∈ B(H).
Proof. Since A ≡ {E(S) : S ∈ Σ} ′′ is abelian, A has property P [12, Exercise 8.7.28]. The proof of the first statement is then identical to that of Proposition 2, except that we replace the conditional expectation η onto R ′ by a conditional expectation onto A ′ .
Finally, the generalized HJW theorem is a direct consequence of Propositions 1 and 2. Theorem 1. Let R be a von Neumann algebra acting on H, let ψ be a unit vector in H, let ρ = ω ψ | R , and let µ be a measure on (K R , Σ) with barycenter ρ. If R ′ has property P, then there is an instrument E µ on Σ × B(H) that is local to R ′ and such that ψ, E µ (S, B)ψ = S ω(B)dµ(ω), (S ∈ Σ, B ∈ R).
In other words, any measure on K R with barycenter ρ = ω ψ | R can be prepared from the state ω ψ via an operation local to R ′ . The range of validity of Theorem 1 is broad enough to cover most physically relevant situations. First, whenever R is a type I von Neumann algebra, R ′ has property P [12, Exercise 8.7.26 ]. This includes not only the case where R = B(H) ⊗ I, but also the case where R is a direct sum of type I factors. The class of algebras with property P also includes most cases from quantum field theory and quantum statistical mechanics. In particular, recall that a von Neumann algebra R is hyperfinite if there is an upward directed family (R a ) a∈A of finite-dimensional *algebras such that R = (∪ a∈A R a ) − . All hyperfinite von Neumann algebras have property P [17, Lemma 2] , [12, Prop. 8.3.11] , and most physically relevant algebras of observables are hyperfinite. For example, when R = R(O) is the local algebra associated with any regular diamond O in a Hadamard vacuum representation of the KleinGordon field on a globally hyperbolic spacetime, then R ′ is the hyperfinite type III 1 factor [23, Thm. 3.6] . In fact, for any net {R(O)} of von Neumann algebras on a causal spacetime, if the net satisfies the split property, then each R(O) is hyperfinite [2, Prop. 17.2.1]. Finally, for an exotic case with direct relevance to quantum information theory, Keyl et al. [11] have shown that "infinitely entangled" states are naturally represented as states across a pair (R, R ′ ) of hyperfinite type II 1 factors.
